Abstract In this paper, we mainly study the generalized Heisenberg-Virasoro algebra. Some structural properties of the Lie algebra are obtained.
Introduction
The twisted Heisenberg-Virasoro algebra H V ir has been first studied by Arbarello et al. in Ref. [1] , where a connection is established between the second cohomology of certain moduli spaces of curves and the second cohomology of the Lie algebra of differential operators of order at most one:
As a vector space over C, H V ir has a basis {L(m), I(m), C L , C I , C LI , m ∈ Z}, subject to the following relations: Clearly the Heisenberg algebra H = C{I(m), C I | m ∈ Z} and the Virasoro algebra V ir = C{L(m), C L | m ∈ Z} are subalgebras of H V ir .
Arbarello et al. (in Ref. [1] ) also proved that any irreducible highest weight module for H V ir is isomorphic to the tensor product of an irreducible noindent module for the Virasoro algebra and an irreducible module for the infinite-dimensional Heisenberg algebra when the central element of the Heisenberg subalgebra acts in a non-zero way. The structure of the irreducible representations for H V ir at level zero was studied in Ref. [3] . The HarishChandra modules over H V ir were classified in Refs. [11, 12] . Some structure properties and representations of the twisted Heisenberg-Virasoro Lie algebra were obtained in Refs. [7, 8, 9, etc.] .
Recently, a number of new classes of infinite-dimensional simple Lie algebras over a field of characteristic 0 were discovered by several authors. Among those algebras, are the generalized Witt algebras, the generalized Virasoro algebras introduced in Ref. [16] , which are one-dimensional universal central extensions of some generalized Witt algebras, and the Lie algebras of generalized Weyl type introduced and studied in Refs. [15,17, etc.] .
Motivated by the above algebras, we introduce a new Lie algebra, the generalized Heisenberg-Virasoro algebra (see Definition 1 in Section 2), which is a generalization of the twisted Heisenberg-Virasoro Lie algebra H V ir from the integer ring Z to an additive subgroup M of a field F (The special case M = Z 2 was studied in Ref. [18] ). Its Verma modules were studied in Ref. [14] . In this paper, we mainly study some properties of this Lie algebra.
The paper is organized as follows. In Section 2, we recall some notions of generalized Witt algebras and the twisted Heisenberg-Virasoro algebra, and then introduce the definition of the generalized Heisenberg-Virasoro algebra. In Section 3, we prove that the generalized Heisenberg-Virasoro algebra is the universal extension of the Lie algebra of generalized differential operators on a circle of order at least one: L = F{t x ∂, t y | x, y ∈ A, ∂ ∈ T }. In Section 4 and Section 5, we determine derivations and automorphisms of the generalized Heisenberg-Virasoro algebra.
Throughout this paper, F denotes a field of characteristic zero, and F * = F\{0}. C, Z, N, Z + denote the filed of complex numbers, the set of all integers, the set of all nonnegative integers, the set of all positive integers, respectively.
The generalized Heisenberg-Virasoro algebra
First we recall some notions of the generalized Witt algebras as defined in Refs. [4, 10] .
Let A ( = 0) be an abelian group and T a vector space over F. In this paper, we are only interested in the case of dim T = 1, so we always assume that T = F∂ throughout this paper. We denote by FA the group algebra of A over F. The elements t
x , x ∈ A, form a basis of the algebra, and the multiplication is defined by t x t y = t x+y . We shall write 1 instead of t 0 . The use the following notations:
for arbitrary x ∈ A.
There is a unique
for arbitrary x, y ∈ A. This map makes W = W (A, T, ϕ) into a Lie algebra which is called generalized Witt algebra.
is a graded Lie algebra. We say that ϕ is nondegenerate if A 0 := {x ∈ A : ∂(x) = 0} = 0.
The following theorem is due to N. Kawamoto (Ref.
[10]). In this paper, we always suppose that ϕ is nondegenerate. In Ref. [5] , the second cohomology group of the generalized Witt algebra was constructed. Theorem 2.2 (Ref. [5] ) Let W = W (A, T, ϕ) be a simple generalized Witt algebra and T = F∂ one-dimensional, then H 2 (W, F) is 1-dimensional and is spanned by the cohomology class [ψ], where ψ :
The generalized Virasoro algebra is the universal central extension of the generalized Witt algebra when ϕ is nondegenerate (Ref. [16] ).
By definition, the generalized Virasoro algebra V ir is a Lie algebra generated by {L(x) = t x ∂, x ∈ A} and C L subject to the following relations:
Now we introduce the algebra of generalized differential operators in Refs. [15, 16] .
Let D be the associative algebra generated by the elements {t x , x ∈ A} and the element ∂, subject to the following relation:
basis {∂}. Define the pairing ϕ : T ×A → F by setting ∂, m = m. Then ϕ is nondegenerate and the algebra of generalized differential operators is just the algebra of differential operators with coefficients in the Laurent polynomial ring. As a vector space over F, D has a basis {t
It is easy to see that the following relation holds in the associative algebra D.
By (2.5) we can see that the generalized Witt algebra W = W (A, T, ϕ) is a Lie subalgebra of D − , the Lie algebra of generalized differential operators. The above results lead us to the following definition. Definition 1. Let T = F∂ and W = W (A, T, ϕ) be a simple generalized Witt algebra. The generalized Heisenberg-Virasoro algebra L is a Lie algebra generated by {L(x) = t x ∂, I(x) = t x , C L , C I , C LI }, subject to the following relations:
The Lie algebra L has a generalized Heisenberg subalgebra and a generalized Virasoro subalgebra interwined with a 2-cocycle.
Moreover, we shall prove that the generalized Heisenberg-Virasoro algebra L is the universal central extension of the Lie algebra of generalized differential operators of order at least one:
The universal central extension of the generalized Heisenberg-Virasoro algebra
Now we consider the Lie subalgebra D 1 = F{t x ∂, t y | x, y ∈ A} of D − , the Lie algebra of generalized differential operators.
, t y ∂) and using the relations:
The relation (3.1) immediately implies
for some x 0 ∈ A such that ∂(x 0 ) = 0. By (3.4), α x,y is determined by nontrivial 2-cocycle ψ 1 :
, for all x, y ∈ A. From the proof of Theorem 6.1 in Ref. [5] , we see that, up to a coboundary, it follows that α x,y is determined by nontrivial 2-cocycle ψ 2 , where
, for all x, y ∈ A. Setting y = 0 in (3.2) we deduce that On the other hand, setting y = −z − x in (3.2), we have
Let x ∈ A be such that ∂(x) = 0. By substituting kx for x and lx for z, Setting k = 1 and k = 2, we have
for all k ∈ Z, provided that ∂(x) = 0. Let x 0 be a nonzero element of A. Using similar considerations in Page Then α y x is determined by a nontrivial 2-cocycle ψ 3 : 
Derivations of the generalized Heisenberg-Virasoro algebra
In this section we shall determine all derivations of the generalized HeisenbergVirasoro algebra L .
First, we recall a result about derivations in Ref. [2] . Proposition 4.1 (Ref. [2] ) If L is a perfect Lie algebra andL is a universal central extension of L, then every derivation of L lifts to a derivation ofL. If L is centerless, the lift is unique and Der (L) = Der (L).
Due to Corollary 3.2 in Section 3 and Proposition 4.1, we shall just determine all derivations of D 1 = F{t x ∂, t y | x, y ∈ A, ∂ ∈ T }, the Lie subalgebra of D − . We now describe two kinds of derivations of degree 0, which are outer derivations of D 1 .
The linear maps σ 1 , σ 2 , σ 3 :
and σ 2 (L(x)) = I(x), σ 2 (I(x)) = 0, ∀x ∈ A, and σ 3 (L(x)) = 0, σ 3 (I(x)) = I(x), ∀x ∈ A, are outer derivations of D 1 . Let µ : A → F be an additive map, then the linear map ξ µ :
is also a derivation of degree 0. It is clear that it is an outer derivation if µ = k∂ for any k ∈ F. In fact, if µ = k∂ for some k ∈ F, then ξ µ = ad (k∂).
Let A be an abelian group, g an A-graded Lie algebra, and V an A-graded left g-module. We also denote by L x resp. V x the homogeneous components of D 1 resp. V for any x ∈ A.
) if it is a sum (may be infinite sum) of inner derivations. Proposition 4.3 (Refs. [5, 6] ) Suppose that the following conditions hold.
(
x , x = 0, consists of inner derivations and consequently
where Der ′ (g, V ) is the space of locally inner derivations g → V . We now use Proposition 4.3 to prove the following result. Proof. By direct calculation, see Ref. [5] . Theorem 4.5 Assume that A = 0 and ϕ is nondegenerate. Then
Proof. Since ϕ is nondegenerate, we can suppose that ∂(x) = 0 if x = 0.
For any D ∈ Der (D 1 ) 0 and x ∈ A, we suppose
For any y ∈ A, by the fact that [t x , t y ] = 0, we obtain that
Choose x 0 ∈ A such that ∂(x 0 ) = 1 and set a 0 = α x0 . So by (4.2) we have
and (4.1) becomes
Now we suppose that
and
Substitute D by D − β 0 σ 3 , we can suppose β 0 = 0. Setting y = −x in (4.7), we have
So (4.4) and (4.5) become
By (4.11)and (4.8) we have γ x = β x since γ 0 = 0. Then β : A → F defined by β(x) = β x is an additive map. Moreover by using the method as in Section 3 (see (3.7)-(3.9)) we can deduce that λ x = a∂(x) + b for some a, b ∈ F from (4.11). Replacing D by D−ξ β −aσ 1 −bσ 2 , we infer that D = 0.
5 The automorphism group of L Now, we recall a result about automorphisms in Ref. [13] .
Proposition 5.1 (Ref. [13] ) Let L be a perfect Lie algebra andL be its universal central extension. Every automorphism θ of L admits a unique extensionθ to an automorphismL. Furthermore, the map θ →θ is a group monomorphism. Due to Corollary 3.2 in Section 3 and Proposition 5.1, we shall just determine the automorphism group of Denote by r the set of all inner automorphisms of D 1 , then r is a normal subgroup of Aut (D 1 ) and r is generated by exp(k ad t x ), x ∈ A, k ∈ F. For convenience, denote by X(A) the group of characters of A, i.e., the Lemma 5.2 Let π ∈ Aut (D 1 ), then there exists η ∈ r, such that
for some ε ∈ E and a ∈ F. Proof. Assume that
where λ z , γ w ∈ F and A 1 , A 2 are finite subsets of A. By (5.1), we can assume
where A 3 is a finite subset of A. Since [∂,
for all x ∈ A.
It is straightforward to verify that θ is an automorphism of Lie algebra ε, a, b, c) . Proof. By Lemma 5.2, we can suppose that π(∂) = ε −1 ∂ + a and π(t x ) = ν(x)t εx for some a ∈ F, ε ∈ E and ν(x) ∈ F. By the fact that [t x ∂, t y ] = ∂(y)t x+y we can deduce that
For each x ∈ A, we can suppose that
where χ(x), λ(x) ∈ F * , τ (x) ∈ F. Moreover, χ(0) = 1 and τ (0) = a since π(∂) = ε −1 ∂ + a. We claim that χ(x + y) = χ(x)χ(y) for all x, y ∈ A. It suffices to prove this for x = y. Then by applying π to
Suppose that τ (x) = f (x)χ(x), then (5.13) becomes
(5.14)
Fix 0 = x 0 ∈ F. By substituting x 0 and 2x 0 for y in (5.14) respectively, we obtain
By substituting x 0 for x and x + x 0 for y in (5.14), we obtain
Since ϕ is non-degenerate, by (5.15)-(5.17), we deduce that
So we can assume that f (x) = b∂(x) + a for some b ∈ F.
By applying π to 
